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E-mail addresses: ignacio.carol@upc.edu (I. CarolIn their comprehensive paper, Badel et al. (2007) present a constitutive model for anisotropic damage and apply it to the
FE analysis of progressive damage in a large concrete containment structure. The present discussion focuses on the consti-
tutive model (Sections 2–3) and especially on Section 3.8.
In that section the so-called Willam’s test of rotating principal axes of strains is considered to check the performance of
the anisotropic damage model. This test was originally presented by Willam et al. (1987) to compare rotating vs. ﬁxed crack
models with plastic softening models and was later formalized by Rots (1988). It has been often used in the literature as a
reference test for constitutive models of smeared damage (Oliver et al., 1990; Feenstra and de Borst, 1992; Carol and Prat,
1995; Meschke et al., 1998), also in the context of the prediction of strain localization (Guzina et al., 1995; Kroeplin and
Weihe, 1997). Results are illustrated in Figs. 9–10 on p. 5863 of the Badel et al. paper, in terms of in-plane stress components
and angle of rotation of the principal directions of strain and damage. Commenting the outcome of their calculations the
Authors state:
‘‘These predictions seem typical of what can be expected from anisotropic damage models. Carol’s model, for instance, yields
rather similar results, except that it does not predict that the basis of eigenvectors of D stops rotating when damage becomes
complete in the ﬁrst principal direction (Carol, private communication). This is an unhappy feature of this model. Indeed such a
continued rotation implies that once the eigenvalue D1ðtÞ of the damage tensor, corresponding to the eigenvector e1ðtÞ, has
reached unity at time t0, damage may decrease for t > t0 in the direction of the vector e1ðt0Þ even if D1ðtÞ remains unity
(D1ðtÞ ¼ 1 means complete damage in the direction of the vector e1ðtÞ, not e1ðt0Þ).”
Motivated by the quote above, we wish to add to the topic of anisotropic damage modeling, in view of our earlier efforts
on this subject (Carol et al., 1994, 2001a,b, 2002; Rizzi and Carol, 2001, 2007). Speciﬁcally, we explored the Willam’s test in
IJSS paper (Carol et al., 2001a,b), in order to assess the behavior of the so-called ‘‘Pseudo-Rankine model” for tensile-. All rights reserved.
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of nominal strain and stress, effective stress, thermodynamic force, damage variable and of the angle of rotation of their prin-
cipal directions was presented. Also, a number of analytical solutions were derived for uniaxial tension and pure shear.
Although we are aware that the paper by Badel et al. is mainly focused on an important industrial application, we con-
sider appropriate to comment on the following aspects:
1. Reference to Previous Work: Despite the citation, in general terms, of quite a few papers on anisotropic damage, which are
listed in text in alphabetical order (p. 5849), no speciﬁc comparison to other models is made, speciﬁcally in the context of
the Willam’s test. The phrase quoted above, that should actually refer to our IJSS work (Carol et al., 2001a,b), does not
seem very informative to the Journal’s reader. On the other hand, we have spent considerable efforts in attempting to
compare our results to the earlier contributions on the Willam’s test (Willam et al., 1987; Rots, 1988; Oliver et al.,
1990; Feenstra and de Borst, 1992; Carol and Prat, 1995; Guzina et al., 1995; Kroeplin and Weihe, 1997; Meschke
et al., 1998). We also wish to note that the model described in Carol et al. (2001a,b) has been conceived for tensile dam-
age. It involves 5 material parameters instead of 8, all with clear physical meaning and it is amenable to analytical solu-
tions for proportional loading in tension and shear (see Carol et al., 2001a,b, Sections 3–4). Of course the proposed model
by Badel et al. includes features for other loading scenarios and contexts (in line with the anticipated industrial applica-
tion). However, very few models have been tried in the framework of the Willam’s test, and, mainly, in such detail as in
Carol et al. (2001b), so, a more precise reference to that would have been expected.
2. Thermodynamic Forces: The thermodynamic forces in Eq. (10), p. 5854, look rather complicated and with no immediate
physical interpretation in terms of engineering quantities such as strains, stresses, etc. Actually, these thermodynamic
forces cannot be followed so easily since later they also seem to disappear in the formulation. The paper also claims that
the loading domain is guaranteed to be convex in the thermodynamic force space, although this does not seem to be
shown explicitly. This statement appears right after Fig. 6 to ‘explain’ the loss of convexity in stress space. In our paper
(Carol et al., 2001b), the evolution of the thermodynamic forces during the Willam’s test is depicted in detail, since they
are physically meaningful, true variables in the model.
3. Damage Limiter: Linked to the deﬁnition of the thermodynamic forces, emphasis is put on preventing damage to decrease
along speciﬁc orientations, and to limit damage to increase beyond maximum value (D ¼ 1). This is done in a non-trivial
way by enriching the free energy function with some indicator functions, Eqs. (5), (13), an approach that looks a little
akward. The veriﬁcation that a D-type damage variable does not exceed 1 is simply unnecessary if the evolution laws
are established in terms of an inverse integrity variable 1=ð1 DÞ, or of a log-type damage variable ln1=ð1 DÞ, for which
the damage limiter is inﬁnity (Carol et al., 2001a,b, 2002). Prevention of damage from decreasing for any plane of speciﬁc
orientation (and not only along principal directions, which may obviously rotate) may be achieved by convenient restric-
tions on the damage ‘‘ﬂow rule”, e.g. to the positive–positive–positive octant in the appropriate ‘‘pseudo-log” space (see
for instance Carol et al., 2001a, Section 6).
4. Willam’s Test: With regard to the results of the Willam’s test itself, Badel et al. present their output in terms of stress com-
ponents and the rotation angles of strain and damage (Figs. 9 and 10). Looking at the stress components (Fig. 9), the
results reproduce features such as ryy overtaking rxx at some point of the test, and inversion of the sign of the shear stress.
Qualitatively, this agrees with previous results (Willam et al., 1987; Rots, 1988; Oliver et al., 1990; Feenstra and de Borst,
1992; Carol and Prat, 1995; Guzina et al., 1995; Kroeplin and Weihe, 1997; Meschke et al., 1998). Although principal
stresses are not represented in the diagrams, they are likely to exhibit secondary peaks as shown in Carol et al.
(2001b). The responses appear to be less smooth, i.e. less C1-continuous, than what recorded in Carol et al. (2001b). Issues
of smoothness are highly discussed in the literature, starting in the work by Rots (1988, p. 36), in the context of smeared
crack models, where smoothness is introduced by a ‘‘continuously changing orientation of the crack rotation”. The sudden
kink in the damage path also occurs already at a small strain level of about 2 104, with a damage angle around 20 (and
corresponds to a rapid loss of rxx, which becomes almost zero at the end of Stage 2 in Fig. 10, see also their written com-
ments in Section 3.8). Although this seems an issue of some technical criticism on our previous results in Carol et al.
(2001b), it is not clear if this behavior is correct in physical terms and corroborated by other numerical results in the
literature.
5. Angle of Rotation: Considering speciﬁcally the rotation angles of principal stresses and damage in Fig. 10, we wish to add
the following comments:
5.1. It may make sense that the rotation suddenly stops if full degradation is reached. However, a key point is if and
when this happens. In the model proposed, based on a D-type variable, this happens quite early, around
exx ¼ 2 104, where, as said above, rxx is already almost zero. Instead, in our model Carol et al. (2001b), which
is based on a log-type damage rate, this state is approached only asymptotically. There is no contradiction that
the rotation continues, although at a progressively slower rate, stopping only asymptotically. The damage rotation
in Fig. 10 agrees with our results in Carol et al. (2001b) in that the rotation of damage lags behind the strain rota-
tion, i.e. damage does not keep-up the pace of prescribed strain rotation.
5.2. This does not mean, however, that, in our model, maximum damage D ¼ 1 is exceeded, nor that damage may
decrease in any speciﬁc direction. In Carol et al. (2001b) this simply cannot happen. The pseudo-log damage rate
is a non-holonomic tensor rate, with speciﬁc restrictions on the evolution rule, that is related to the holonomic rate
of the inverse integrity tensor /. Since the eigenvalues of / for full damage are inﬁnity, it is easily understandable
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(2001b), the various components and principal values of the integrity tensor / are represented in terms of exx,
showing values always in the appropriate range.
5.3. A very interesting aspect, not reported in the paper by Badel et al., is the representation of the major principal stress
and of its rotation. In fact, this may be considered more important than the rotation of damage itself, since damage
is basically just an internal variable of the model. As seen in Fig. 14b of Carol et al. (2001b), the stress rotation turns
out to develop much faster than that of the strain or even the damage, with ﬁnal values which are considerably
larger than the 52.02 reached asymptotically by the prescribed strain. This result is consistent with basic mechan-
ics concepts (such as ‘‘in a hyperstatic system the stiffer part takes more load”). Similar results have been also
reported by other authors (Willam et al., 1987; Rots, 1988; Oliver et al., 1990).
In conclusion, we appreciate the scope of the paper by Badel et al., and realize that it aims at an industrial application,
therefore not focusing mainly on constitutive details. However, since our previous work was mentioned explicitly in the pa-
per, we feel that the above details should be clariﬁed and the corresponding papers be formally referenced, especially those
published in the same journal.
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